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RIEMANNIAN MANIFOLDS WITH UNIFORMLY BOUNDED EIGENFUNCTIONS
JOHN A. TOTH AND STEVE ZELDITCH
Abstract. The standard eigenfunctions φλ = e
i〈λ,x〉 on flat tori Rn/L have L∞-norms bounded indepen-
dently of the eigenvalue. In the case of irrational flat tori, it follows that L2-normalized eigenfunctions have
uniformly bounded L∞-norms. Similar bases exist on other flat manifolds. Does this property characterize
flat manifolds? We give an affirmative answer for compact Riemannian manifolds with completely integrable
geodesic flows.
0. Introduction
This paper is concerned with the relation between the dynamics of the geodesic flow Gt on the unit
sphere bundle S∗M of a compact Riemannian manifold (M, g) and the growth rate of the L∞-norms of its
L2-normalized ∆-eigenfunctions (or ‘modes’) {φλ}. Let Vλ := {φ : ∆φλ = λφλ} denote the λ-eigenspace for
λ ∈ Sp(∆) and define
L∞(λ, g) = sup
φ∈Vλ
||φ||
L2
=1
||φ||L∞ , ℓ∞(λ, g) = inf
ONB{φj}∈Vλ
( sup
j=1,...,dimVλ
||φj ||L∞). (1)
The universal bound
L∞(λ, g) = 0(λ
n−1
4 )
holds for any (M, g) in consequence of the local Weyl law [Ho IV]
N(T, x) :=
∑
j:λj≤T
|φλj (x)|2 =
1
(2π)n
vol(M, g)T
n
2 +R(T, x), R(T, x) = O(T
n−1
2 ).
It is attained in the case of the standard (Sn, can) (by the zonal spherical harmonics) but is far off in the
case of irrational flat tori (T n, ds2) where L∞(λ, g) = O(1). These cases represent the extremes, and the
problem arises of characterizing the manifolds with extremal growth rates of L∞-norms of eigenfunctions.
In this article, we are interested in the case of minimal growth:
• Problem: Determine the (M, g) for which ℓ∞(λ, g) = O(1) and those for which L∞(λ, g) = O(1).
The same kind of problem may be posed in the more general setting of semi-classical Schroedinger oper-
ators ~2∆+ V . The eigenvalue problem (~2∆+ V )φj = Ej(~)φj now depends on ~, and we are interested
in the behaviour of eigenfunctions φj in the semiclassical limit ~→ 0. The spectrum becomes dense around
each regular value E of the classical Hamiltonian H(x, ξ) = |ξ|2g + V (x) on T ∗M , and for any 0 < δ < 1,
the asymptotics of spectral data from an interval [E − c~1−δ, E + c~1+δ] around E will reflect the dynamics
of the classical Hamiltonian flow ΦEt on the energy surface XE = {H(x, ξ) = E}. We fix E and 0 < δ < 1,
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and consider the eigenvalues Ej(h) ∈ [E − c~1−δ, E + c~1−δ]. Denote by VEj(~) the eigenspace of eigenvalue
Ej(h) and put:
L∞(~, Ej(~); g, V ) = sup
φ∈VEj(~)
||φ||
L2
=1
||φ||L∞ , ℓ∞(h,Ej(~); g, V ) = inf
ONB{φj}∈VEj(~)
( sup
j=1,...,dimVEj(~)
||φ||L∞),
(2)
and pose the analogous questions:
• Problem: Determine the (M, g, V ) for which there exists a regular energy level E such that
ℓ∞(~, Ej(~); g, V ) = O(1) and the (M, g, V ) for which L
∞(~, Ej(~); g, V ) = O(1) as ~ → 0 with
Ej(~) ∈ [E − c~1−δ, E + c~1−δ] for some c > 0.
The problem on Laplace operators is the same as the problem on Schroedinger operators in the case
V = 0, for any value of E > 0.
The problems about ℓ∞ asks which Laplacians or Schroedinger operators possess an ONBE (orthonormal
basis of eigenfunctions) of minimal growth. The problems about L∞ ask which ones have the property
that every ONBE has minimal growth. Obviously, the distinction between ℓ∞ and L∞ only arises when
the spectrum of ∆ is multiple. At the opposite extreme, one may ask which (M, g) possess eigenfunctions
which achieve the maximal rate of growth, but we will not discuss that problem here. One may also pose
quantitative problems of giving upper and lower bounds on ℓ∞(λ, g), L∞(λ, g), and their Lp-analgoues, under
various dynamical hypotheses. Some results on such quantitative problems will be given in a subsequent
article [TZ].
The known connections between ~2∆+ V - eigenfunctions and the dynamics of ΦEt are not strong enough
at present to answer these questions in the general setting of compact Riemannian manifolds. If, however,
the systems are assumed to be completely integrable geodesic flows then much more can be said.
Let us assume in fact that ∆ is quantum completely integrable in the (well-known) sense that there exist
P1, . . . , Pn ∈ Ψ1(M) (n = dim M) satisfying
• [Pi, Pj ] = 0;
• dp1 ∧ dp2 ∧ · · · ∧ dpn 6= 0 on a dense open set Ω ⊂ T ∗M − 0 of ‘finite complexity’ (see below);
• √∆ = Kˆ(P1, . . . , Pn) for some polyhomogeneous function Kˆ on Rn − 0.
Here, Ψm(M) is the space of mth order pseudodifferential operators overM , and pk = σPk is the principal
symbol of Pk. Since σ[Pi,Pj ] = {pi, pj} (the Poisson bracket), it follows that the pj ’s generate a homogeneous
Hamiltonian action Φt of t ∈ Rn on T ∗M − 0 with moment map
P : T ∗M − 0→ Rn, P = (p1, . . . , pn).
We denote the image P(T ∗M − 0) by B, by Breg (resp. Bsing) the regular values (resp. singular values) of
the moment map.
By ‘finite complexity’ we mean the following: for each b = (b(1), ..., b(n)) ∈ B, letmcl(b) denote the number
of Rn-orbits of the joint flow Φt on the level set P−1(b). Then
Finite complexity condition : ∃M : mcl(b) < M (∀b ∈ B). (3)
When b ∈ Breg, then P−1(b) is the union of mcl(b) isolated Lagrangean tori. If b ∈ Bsing, then P−1(b)
consists of a finite number of connected components, each of which is a finite union of orbits. These orbits
may be Lagrangean tori, singular compact tori (ie. compact tori of dimension < n) , or non-compact orbits
consisting of cylinders or planes.
We will also make the following assumption on the quantum level:
Bounded eigenvalue multiplicity : ∃M ′ : m(λ) ≤M ′ (∀λ; m(λ) = dimVλ). (4)
With this assumption, L∞ is bounded by a constant times ℓ∞, so all ONBE’s are uniformly bounded if and
only if one is. Without assumption (4), it is simple to construct an ONBE which is not uniformly bounded.
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We will recall the construction in §4, and discuss some open problems in which the bounded eigenvalue
multiplicity is dropped.
The Hamiltonian |ξ|g =
√∑n
i,j=1 g
ij(x)ξiξj is then given by |ξ|g = K(p1, . . . , pn) where K is the homo-
geneous term of order 1 of Kˆ. Hence the geodesic flow commutes with a Hamiltonian Rn-action, i.e. it is
completely integrable. We will assume throughout the following properness assumption:
Our main result is the following rigidity theorem:
Theorem 0.1. Suppose that ∆ is a quantum completely integrable Laplacian on a compact Riemannian
manifold (M, g), and suppose that the corresponding moment map satisfies (3). Then:
(a) If L∞(λ, g) = O(1) then (M, g) is flat.
(b) If ℓ∞(λ, g) = O(1) and if (4) holds, then (M, g) is flat.
More generally, suppose that ~2∆+V is a quantum completely integrable Schroedinger operator, and that
the corresponding moment map P is proper and satisfies (3). Assume there exists an energy level E such
that:
(a) L∞(~, Ej(~)); g, V ; ) = O(1) as ~→ 0;
(b) ℓ∞(h,Ej(~); g, V ) = O(1) as ~→ 0, and (4) holds.
Then: E > maxV, and (M, (E − V )g) is flat. If (a) (or (b)) holds for all energy levels E in an interval
E1 < E < E2, then (M, g) is flat and V is constant.
As mentioned above, (a)-(b) are equivalent so we only consider (a) henceforth.
We recall that flat manifolds are manifolds carrying a flat metric. By the Bieberbach theorems ([W],
Theorems 3.3.1 - 3.3.2), a flat manifold (M, g) may be expressed as the quotient M = Rn/Γ of Rn by a
discrete (crystallographic) subgroup of Euclidean motions Γ ⊂ E(n). The subgroup Γ∗ := Γ ∩ Rn is normal
and of finite index in Γ so there exists a flat torus T n = Rn/Γ∗ and a finite normal Riemannian cover
π : T n →M with deck transformation group G = Γ/Γ∗. For each n > 0, there are only finitely many affine
equivalence classes of flat compact connected (M, g) of dimension n (affinely equivalent= same fundamental
group), and in low dimensions they have been classified (cf. [W]). The eigenfunctions φλ of ∆g on (M, g) may
be lifted to G-invariant eigenfunctions π∗φλ on T
n and hence the eigenspace Eλ(M, g) may be identified with
the G-invariant eigenspace Eλ(T
n, gT )
G. The latter eigenfunctions may be written as sums of exponential
functions.
Let us outline the proof of the Theorem (0.1) in the simplest case of toric integrable systems (see §1
for background), and then explain what more is involved in the case of general integrable systems. By
definition, the geodesic flow Gtg : T
∗M → T ∗M of a compact Riemannian manifold (M, g) is toric integrable
if it commutes with a Hamiltonian action of the n-torus Rn/Zn. Equivalently, if there exist global action
variables {(Ij , θj) : j = 1, . . . , n} for the geodesic flow, i.e. functions of (p1, . . . , pn) whose Hamilton flows
are 2π-periodic. The level sets
TI := I−1(I)
of the moment map
I = (I1, . . . , In) : T ∗M − 0→ Rn
are then orbits Rn/Zn · (xo, ξo) of the torus action and hence are tori. The image B of T ∗M − 0 under I
is a convex polyhedral cone and I is a Lagrangean torus bundle over its interior. Such moment maps I are
the cotangent bundle analogues of toric varieties in algebraic geometry.
In the toric case, it is always possible to quantize the action variables as first order pseudodifferential
action operators Iˆj which commute with ∆. The actions define a (projective) action of R
n/Zn by Fourier
integral operators, or equivalently, the joint spectrum Sp(Iˆ1, . . . , Iˆ1) is contained in an (off-centered) lattice
Z
n + µ. The joint eigenfunctions
(Iˆ1, . . . , Iˆn)φλ = λφλ λ ∈ Rn
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are therefore quantizations of the invariant Lagrangean torii Tλ with integral actions λ ∈ Zn+µ. In particular,
eigenfunctions {φλ} localize on the invariant tori in the semiclassical limit in the sense that for any zeroth
order pseudodifferential operator A (with symbol σA),
(Aφkλ, φkλ) =
∫
Tλ
σAdµλ +O(k
−1), (5)
where dµλ is the normalized Lebesgue (probability) measure on Tλ. Hence, |φλ(x)|2 measures the density of
the natural projection πλ : Tλ →M at x.
The proof of Theorem (0.1) in the toric case is based on the following simple Lemmas. First we have:
Suppose that Gt is toric integrable and that L∞(M, g) = 0(1). Then every invariant torus Tλ has a
non-singular projection to M .
The proof uses the fact that for any invariant torus TI , there exists a sequence of joint eigenfunctions
{φλ} of the quantum torus action which localizes on TI . Uniform boundedness of the eigenfunctions then
implies regular projection of the tori.
The second ingredient in the proof of the main theorem in the case of toric integrable systems is the
following purely geometric statement which follows from the recently proved Hopf conjecture (cf. [BI] [CK]).
Suppose that (M, g) is a compact Riemannian manifold with toric integrable geodesic flow, and suppose
that all the invariant torii project regularly to M . Then (M, g) is a flat manifold.
By ‘projecting regularly’ we mean that the projection has no singular values, hence (in view of the
dimensions) is a covering map.
The proof of Theorem (0.1) in the case of general Hamiltonian Rn actions is basically similar, but there
are some new complications to handle. Geometrically, the new features are that the fibers P−1(b) may
have several components (‘geometric multiplicity’), that there may exist non-compact orbits (e.g. embedded
cylinders), and that there may exist singular orbits lying over the interior of the image of T ∗M − 0 under
P . Analytically, the main new feature is that modes need not localize on individual components of P−1(b).
What does localize on individual tori are quasimodes, i.e. semiclassical Lagrangean distributions which
approximately solve the eigenvalue problem. In the toric case, modes and quasimodes are the same but this
is not the case in general. As originally stressed by Arnold [A], and as is evident from simple examples
such as the symmetric double well potential, eigenfunctions may be linear combinations of quasi-modes with
very close quasi-eigenvalues and in the classical limit their mass concentrates in some way on the union of
the components. How the mass is distributed involves the question whether the tori are resonant or not,
and whether or not there is tunnelling between tori. We will discuss such relations between modes and
quasimodes in detail in [TZ], where we prove (among other things) that quasimodes have uniformly bounded
sup norms when modes do and where we determine precisely how modes blow up around singular orbits. In
this paper, we take a softer approach via quantum limits of eigenfunctions and semiclassical trace formulae.
We close with some acknowledgements. We thank Bruce Kleiner for pointing out the paper [M], Leonid
Polterovich for helpful comments on [BP], and Francois Lalonde for helpful comments on an earlier version
of the paper. We would especially like to thank the referee of this paper for pointing out that one of our
original (non-degeneracy) hypotheses could be removed from the proof of Theorem (0.1), and for several
other corrections and improvements. To clarify the ingredients in the proof, we cut the original manuscript
(which appeared on the lanl archive as math-ph/0002038) into two parts, the present qualitative one and
the subsequent quantitative one ([TZ]).
1. Background
1.1. Completely integrable systems. By a completely integrable system on T ∗M we mean a set of n
independent, C∞ functions p1, . . . , pn, on T
∗M satisfying:
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• {pi, pj} = 0 for all 1 ≤ i, j ≤ n;
• dp1 ∧ dp2 ∧ · · · ∧ dpn 6= 0 on an open dense subset of T ∗M.
The associated moment map is defined by
P = (p1, . . . , pn) : T ∗M → B ⊂ Rn. (6)
We refer to to the set B as the ‘image of the moment map.’ The Hamiltonians generate an action of Rn
defined by
Φt = exp t1Ξp1 ◦ exp t2Ξp2 · · · ◦ exp tnΞpn .
We often denote Φt-orbits by R
n · (x, ξ). The isotropy group of (x, ξ) will be denoted by I(x,ξ). When
R
n · (x, ξ) is a compact Lagrangean orbit, then I(x,ξ) is a lattice of full rank in Rn, and is known as the
‘period lattice’, since it consists of the ‘times’ T ∈ Rn such that ΦT |Λ(j)(b) = Id.
We will need the following:
Definition 1.1. We say that:
• b ∈ Bsing if P−1(b) is a singular level of the moment map, i.e. if there exists a point (x, ξ) ∈ P−1(b)
with dp1 ∧ · · · ∧ dpn(x, ξ) = 0. Such a point (x, ξ) is called a singular point of P.
• a connected component of P−1(b) (b ∈ Bsing)is a singular component if it contains a singular point ;
• an orbit Rn · (x, ξ) of Φt is singular if it is non-Lagrangean, i.e. has dimension < n;
• b ∈ Breg and that P−1(b) is a regular level if all points (x, ξ) ∈ P−1(b) are regular, i.e. if dp1 ∧ · · · ∧
dpn(x, ξ) 6= 0.
• a component of P−1(b) ( b ∈ Bsing ∪Breg) is regular if it contains no singular points.
By the Liouville-Arnold theorem [AM], the orbits of the joint flow Φt are diffeomorphic to R
k × Tm for
some (k,m), k +m ≤ n. By the properness assumption on P , a regular level has the form
P−1(b) = Λ(1)(b) ∪ · · · ∪ Λ(mcl)(b), (b ∈ Breg) (7)
where each Λ(l)(b) ≃ T n is an n-dimensional Lagrangian torus. The classical (or geometric) multiplicity
function mcl(b) = #P−1(b), i.e. the number of orbits on the level set P−1(b), is constant on connected
components of Breg and the moment map (6) is a fibration over each component with fiber (7). In sufficiently
small neighbourhoods Ω(l)(b) of each component torus, Λ(l)(b), the Liouville-Arnold theorem also gives
the existence of local action-angle variables (I
(l)
1 , ..., I
(l)
n , θ
(l)
1 , ..., θ
(l)
n ) in terms of which the joint flow of
Ξp1 , ...,Ξpn is linearized [AM]. For convenience, we henceforth normalize the action variables I
(l)
1 , ..., I
(l)
n so
that I
(l)
j = 0; j = 1, ..., n on the torus Λ
(l)(b).
When b ∈ Breg, the Lagrangean tori Λ(j)(b) of P−1(b) carry two natural measures, which we take some
care to distinguish.
Definition 1.2. We define:
• Lebesgue measure dµ(j)b = (2π)−ndθ1 ∧ · · · ∧ dθn on Λ(j)(b), as the normalized (mass one) Φt-invariant
measure on this orbit;
• The Liouville measure dω(j)b on Λ(j)(b), as the surface measure induced by the moment map P, i.e.
dω
(j)
b =
dV
dp1 ∧ · · · ∧ dpn
where dV is the symplectic volume measure on T ∗M. By the Liouville mass of Λ(j)(b) we mean the
integral
ω(j)(b) :=
∫
Λ(j)(b)
dω
(j)
b .
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The Liouville mass of a compact Lagrangean orbit Λ(j)(b) has a simple dynamical interpretation: it
is the Euclidean volume of the fundamental domain of the common period lattice I(j)b = I(j)(x,ξ) of points
(x, ξ) ∈ Λ(j)(b) , i.e.
ω(j)(b) = V ol(Rn/I(j)b ). (8)
Indeed, by writing Liouville measure in local action-angle variables, we see that
dω
(j)
b = det(T
k
ℓ (b))dµ
(j)
b , where T
k
ℓ =
∂Ik
∂pℓ
. (9)
It is clear from the definition of the action-angle variables that I(j)b is generated by the rows (T k1 , . . . , T kn ),
hence the determinant is the co-volume of the period lattice.
We now turn to singular levels. When b ∈ Bsing we first decompose
P−1(b) = ∪rj=1Γ(j)sing(b) (10)
the singular level into connected components Γ
(j)
sing(b) and then decompose
Γ
(j)
sing(b) = ∪pk=1Rn · (xk, ξk) (11)
each component into orbits. Both decompositions can take a variety of forms. The regular components
Γ
(j)
sing(b) must be Lagrangean tori by the properness assumption. A singular components consists of finitely
many orbits by the finite complexity assumption. The orbit Rn · (x, ξ) of a singular point is necessarily
singular, hence has the form Rk × Tm for some (k,m) with k +m < n. Regular points may also occur on
a singular component, whose orbits are Lagrangean and can take any one of the forms Rk × Tm for some
(k,m) with k +m = n.
We will need the following result in the proof of Theorem (0.1):
Proposition 1.3. A singular component Γ
(j)
sing(b) ⊂ P−1(b) (with b ∈ Bsing) must contain a compact
singular orbit Rn · (x, ξ) ≃ T k, k < n.
Proof: It follows by a standard averaging argument [M2] that the setMI
Γ
(j)
sing
of invariant probability measures
supported on Γ
(j)
sing is non-empty: for any probability measure µ0 supported on Γ
(j)
sing, the set of weak* limit
points of the set of finite time averages µT =
1
vol{|t|≤T}
∫
|t|≤T (Φt)∗µ0 dt gives at least one non-trivial element
of MI
Γ
(j)
sing
. Since Γ
(j)
sing consists of only finitely many orbits, any invariant measure in MIΓ(j)
sing
is a finite sum
of (ergodic) measures, each supported on just one orbit. The non-compact orbits Rk ×Tm obviously cannot
carry invariant probability measures; hence, at least one orbit must be compact.
We will need a further result on Hamiltonian Rn-actions Φt. We define a non-zero period of Φt to be a
time T ∈ I(j)b − {0} for some (b, j), and denote the set of periods by T .
Proposition 1.4. There exists a constant C > 0, which depends on the Riemannian manifold (M, g), such
that inf{T∈T } |T | ≥ C.
Proof: In the case of a Hamiltonian flow with Hamilton vector field Ξ, this is a case of Yorke’s theorem [Y].
In fact, C = 2πL where L = ||dΞ||∞. In the case of Rn actions, we can apply Yorke’s theorem to any one
parameter subgroup.
1.2. Hamiltonian torus actions. In special cases (see [D] for the geometric conditions), the Hamiltonian
R
n action descends to the Hamiltonian action of the torus Rn/Zn on T ∗M . Such Hamiltonian torus actions
are the cotangent space analogues of toric varieties in algebraic geometry. In this case, there exist generators
I := (I1, . . . , In) : T ∗M → B ⊂ Rn
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of of the Hamiltonian Rn action so that each Ij generates a 2π-periodic Hamiltonian flow. The components
Ij are called global action variables and I is called a toric moment map. In the toric case, B is a convex
polyhedral cone, Breg is simply the interior of B, Bsing = ∂B (its boundary) and mcl(b) ≡ 1. Since tori
are now labelled by actions, we write TI := I−1(I). Singular orbits Rn · (x, ξ) are obviously compact
non-Lagrangean tori, and singular levels consist of just one singular orbit.
Examples:
(i) M = Rn/Zn, Ij = ξj , the usual linear coordinates on T
∗(Rn/Zn).
(ii) M = S2, I1 = pθ, I2 = |ξ|0, where pθ(x, ξ) = ξ( ∂∂θ ) (the infinitesimal generator of rotations around the
z-axis), and where |ξ|0 is the length function of the standard metric.
1.3. Riemannian manifolds with completely integrable geodesic flow. Now suppose that g is a
Riemannian metric on M and let H(x, ξ) = |ξ|g denote the associated length function on covectors. The
Hamilton flow Gt of H on T
∗M − 0 is homogeneous of degree 1 with respect to the natural R+ action, and
will be referred to as the geodesic flow. It leaves invariant the cosphere bundles S∗ME = {H = E} and the
flows GEt on S
∗ME are all equivalent under dilation (x, ξ)→ E(x, ξ) to Gt1.
The geodesic flow Gt will be called integrable if it commutes with a homogeneous Hamiltonian action of
R
n. We may then put H = p1. It is called toric integrable if it commutes with a homogeneous Hamiltonian
action of Rn/Zn. Because mcl(b) ≡ 1 in this case, there exists a homogeneous function K on B such that
H = K(I).
Examples: The following is a short list of examples:
(i) M = Rn/Zn and g is flat. Then (M, g) is toric integrable.
(ii) M = S2 and g is a rotationally invariant metric. If g is of ’simple
type’ (e.g. convex), then (M, g) is toric integrable [CV1].
(iii) M = S2 and g is the metric for which (S2, g) is an ellipsoid.
(iv) M = R2/Z2 and g is a Liouville metric (cf. [B.K.S, KMS]).
(v) Bi-invariant metrics on compact Lie groups. Geodesic flow on SO(3)
is known as the Euler top.
1.4. Manifolds without conjugate points. A Riemannian manifold (M, g) is said to be without conjugate
points if there exists a unique geodesic between each two points of its universal Riemannian cover (M˜, g˜),
or equivalently if every exponential map expx : TxM → M is non-singular. We will need the following
geometric theorems on manifolds without conjugate points.
Theorem 1.5. [M] Let (M, g) be a compact Riemannian manifold with (co)-geodesic flow Gt : T ∗M − 0→
T ∗M − 0. Suppose that Gt preserves a (non-singular) Lagrangean foliation L of T ∗M − 0, i.e. suppose that
GtL = L for all leaves L of L. Then (M, g) has no conjugate points.
The Hopf conjecture on tori without conjugate points was proved by Burago-Ivanov:
Theorem 1.6. [BI] Suppose that g is a metric on the n-torus T n without conjugate points. Then g is flat.
1.5. Integrable Newtonian flows on cotangent bundles. We will also consider Newtonian flows, i.e.
flows of classical Hamiltonians H(x, ξ) = 12 |ξ|2 + V (x) on cotangent bundles T ∗M . Such Hamiltonians and
their flows Gt are no longer homogeneous. The invariant energy surfaces XE = {H = E} and the restricted
flows GEt of Gt to XE may change drastically with E. In particular, it may be completely integrable for
some values of E and not others.
Examples:
(i) The spherical pendulum: M = S2, H = |ξ|2 + cosφ; |ξ|2 corresponds
to the round metric and φ is the azimuthal angle.
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(ii) The C. Neumann oscillator on T ∗Sn.H = |ξ|2 +∑nj=1 αjx2j on T ∗Sn. Here 0 < α1 < ... < αn are
constants, (x1, ..., xn) are Cartesian coordinates on R
n+1 and |ξ|2 corresponds to the usual round metric.
(iii) The Kowalevsky and Chaplygin tops [He].
We note that in the non-homogeneous case, the joint flows ΦEt on each energy level are distinct systems,
and may be integrable for only some values of E. An interesting case is the Chaplygin top [He], which is
integrable only when the angular momentum integral is put equal to zero.
1.6. Rigidity theorems for Newtonian flows. We will need a generalization of Mane’s rigidity theorem
to Newtonian flows on tori. The following combines some ideas of Bialy-Polterovich [BP] and Knauf [K] to
give a rigidity result when M is a torus and H is completely integrable with only compact regular orbits. In
fact, it is more general:
Proposition 1.7. Suppose that g is a metric and V (x) is a potential on the n-torus Tn such that the
Hamiltonian flow GEt of H(x, ξ) on XE preserves a C
1 Lagrangean foliation by tori which project regularly
to Tn. Then E > maxV and (E − V )g is a flat metric.
Proof: By ( [K], Theorem 2) no such invariant foliation exists unless E > maxV , so we may assume this is
the case. The Jacobi metric (E−V )g is then a well-defined metric on Tn. We denote by |ξ|2J,E the associated
homogeneous Hamiltonian (length squared of a covector). Since the sets {H = E} and {|ξ|2J,E = 1} are
the same, the latter carries a Lagrangean foliation by tori which project regularly to Tn. Since the geodesic
flow GtJ,E of (E − V )g on {|ξ|2J,E = 1} coincides (up to a time re-parametrization) with GEt , this foliation is
invariant under GtJ,E .
Now let Dr : T
∗M − 0→ T ∗M − 0 be the dilation Dr(x, ξ) = (x, rξ). Then Dr : {|ξ|2J,E = 1} → {|ξ|2J,E =
r2} intertwines the geodesic flows on these sphere bundles (up to constant time reparametrization). Since
Dr is conformally symplectic it also carries the invariant Lagrangean torus foliation of {|ξ|2J,E = 1} to an
invariant Lagrangean torus foliation of {|ξ|2J,E = r2}. It follows that T ∗M − 0 carries a Lagrangean torus
foliation invariant under the geodesic flow of the Jacobi metric. By Mane’s theorem, the geodesic flow has
no conjugate points and so by Burago-Ivanov’s theorem, (E - V)g must be flat.
Corollary 1.8. With the same notation as above, suppose that there exists an interval [E0−ǫ, E0+ǫ] such
that, for all E ∈ [E0 − ǫ, E0 + ǫ], GEt preserves a Lagrangean foliation of by tori which project regularly to
T
n. Then: g is flat and V is constant.
Proof: The assumption implies that (E − V )g is flat for all E in the interval. Let RE denote the curvature
tensor of (E−V )g. It is clearly a real analytic function of E. Since RE ≡ 0 in [E0− ǫ, E0+ ǫ], it must vanish
identically. Therefore the Newton’s flow Φt on T
∗T n has no conjugate points. By Remark 1.C and Theorem
1.B of [BP], it follows that g is flat and V is constant.
1.7. Semiclassical quantum integrable systems: semiclassical calculus. We now provide the nec-
essary background on quantum integrable systems. Since we wish to include quantizations of possibly
inhomogeneous Hamiltonians, the proper framework is that of semiclassical pseudodifferential operators.
First, we introduce symbols. On a given an open U ⊂ Rn, we say that a(x, ξ; ~) ∈ C∞(U × Rn) is in the
symbol class Sm,k(U × Rn), provided
|∂αx ∂βξ a(x, ξ; ~)| ≤ Cαβ~−m(1 + |ξ|)k−|β|.
We say that a ∈ Sm,kcl (U × Rn) provided there exists an asymptotic expansion:
a(x, ξ; ~) ∼ ~−m
∞∑
j=0
aj(x, ξ)~
j ,
UNIFORMLY BOUNDED EIGENFUNCTIONS 9
with aj(x, ξ) ∈ S0,k−j(U ×Rn). The associated ~-quantization by Op~(a) is defined locally by the standard
formula:
Op~(a)(x, y) = (2π~)
−n
∫
Rn
ei(x−y)ξ/~ a(x, ξ; ~) dξ.
By using a partition of unity, one constructs a corresponding class, Op~(S
m,k), of properly-supported ~-
pseudodifferential operators acting globally on C∞(M); as is well known, it is independent of the choice
of partition of unity. Given a ∈ Sm1,k1 and b ∈ Sm2,k2 , the composition is given by Op~(a) ◦ Op~(b) =
Op~(c) +O(~∞) in L2(M) where locally,
c(x, ξ; ~) ∼ ~−(m1+m2)
∞∑
|α|=0
(−i~)|α|
α!
(∂αξ a) · (∂αx b).
Definition 1.9. We say that the operators P ~j ∈ Op~(Sm,kcl ); j = 1, ..., n, generate a semiclassical quantum
completely integrable system on M if for each ~,
•
n∑
j=1
P ~∗j P
~
j is jointly elliptic on T
∗M,
• [P ~i , P ~j ] = 0; ∀1 ≤ i, j ≤ n,
and the respective semiclassical principal symbols p1, ..., pn generate a classical integrable system on T
∗M
with dp1 ∧ dp2 ∧ · · · ∧ dpn 6= 0 on a dense open subset of T ∗M . We also assume that the finiteness condition
(3) is satisfied.
1.7.1. Examples. The basic examples we have in mind are where P ~1 = ~
2∆+V ∈ Op~(S0,2cl ) is a Schroedinger
operator over a compact manifold M . Examples include:
• Quantum integrable Laplacians ∆ such as Laplacians of Liouville metrics on the sphere or torus [B.K.S]
[KMS], or of the ellipsoid [T3].
• Toric integrable Laplacians such as the flat Laplacian on Tn, or Laplacians for surfaces of revolution
of ‘simple type’ (see below and [CV1]).
• The quantum spherical pendulum ~2∆+cosφ: M = S2, ∆ is the standard Laplacian, V = cosφ where
φ is the azimuthal angle. The commuting operator is ~ ∂∂θ , the generator of rotations around the z-axis.
• The C. Neumann oscillator on Sn. Here the quantum Hamiltonian is the Schroedinger operator ~2∆+∑n
j=1 αjx
2
j acting on C
∞(Sn). Here, ∆ is the spherical, constant curvature Laplacian and the potential
is the one described above. For the quantized C. Neumann system, one can construct quantum integrals
that are all second-order, real-analytic, semiclassical partial differential operators on the sphere [T3].
• The quantized Euler, Lagrange and Kowalevsky tops. The Euler and Lagrange cases are classical [He],
while the quantum Kowalevsky top was shown to be QCI recently by Heckman [He]. Here, the integrals
are semiclassical differential operators in the enveloping algebra of so(3) ⊲ R3 defined as follows: Let
E1, E2, E3 be the standard Pauli basis of so(3,R) and L1, L2, L3 be the corresponding left-invariant
vector fields defined by:
Li(f)(x) :=
d
dt
{f(x exp tEi)}t=0.
Fix a unit vector e ∈ R3 and define the C∞ functions on SO(3) by
Qi(x) := 〈xei, e〉.
Then, the space of operators generated by Q1, Q2, Q3, L1, L2, L3 can be identified with so(3) ⊲ R
3.
Two of the quantum integrals are the quantized energy Schroedinger operator, P1 :=
1
4~
2(L21 + L
2
2 +
2L23) − Q1 and the quantized momentum operator, P2 = ~
∑3
j=1QjLj . In analogy with the classical
case, the third quantum integral is a fourth-order partial differential operator defined as follows: Put
K := ~2(L1 + iL2)
2 + 4(Q1 + iQ2). Then, in terms of K, P3 = KK
∗ +K∗K − 8~4(L21 + L22).
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Homogeneous quantum completely integrable systems are the special case where ~ occurs with the same
power in each term and where the usual homogeneous symbols of the operators are all of order one, e.g. ns
~
√
∆ or ~
√
∆+ V . In this case, one could remove ~ and use the homogeneous symbolic calculus. However, it
is often more convenient to convert homogeneous systems P1, . . . , Pn into semiclassical ones by introducing a
semiclassical parameter ~ (with values in some sequence {~k; k = 1, 2, 3, ...} with ~k → 0) and semiclassically
scaling the Pj ’s:
P ~j := ~Pj ; j = 1, 2, ..., n. (12)
When P1 =
√
∆, P2, ..., Pn are classical pseudodifferential operators of order one, then P
~
j := ~Pj ∈ Op(S0,1cl )
generate the semiclassical quantum integrable system in the sense of Definition 1.9.
1.8. Quantum torus actions. (see [GS] for many details on this case). Classical torus actions can always
be quantized and produce the simplest examples of toric quantum integrable systems. The classical actions
{Ij} can be quantized as commuting pseudodifferential operators Iˆ1, . . . , Iˆn whose joint spectrum
Sp(Iˆ1, . . . , Iˆn) = Λ ⊂ (Zn + ν) ∩B
is a lattice (translated by a Maslov index). The simplest case is that of the torus, where Iˆj =
∂
∂θj
(with θj
denoting the usual angular coordinates). The operators
√
∆+ 1/4, ∂∂θ on S
2 provide another example. Less
obviously, any convex surface of revolution has a toric integrable Laplacian (cf. [CV1]).
Just as the classical multiplicity mcl(b) ≡ 1 in the toric case, so also the multiplicity m(λ) of the joint
eigenvalues is 1 for |λ| sufficiently large [CV.1]. Hence up to a finite dimensional subspace, there is a unique
(up to unit scalars) orthonormal basis of joint eigenfunctions
Iˆjφλ = λjφλ, λ = (λ1, . . . , λn) ∈ Λ.
1.9. Joint eigenvalue ladders. In the next section, we will study the localization of sequences of eigen-
functions on level sets of the moment map. To obtain sequences which localize on a given level P−1(b) it is
necessary to choose the corresponding joint eigenvalues to tend in an appropriate
sense to b. Roughly speaking, such joint eigenvalues form an ‘eigenvalue ladder’.
The term comes from the toric case, where the joint spectrum Λ of the action operators is a semi-lattice
(i.e. the set of lattice points in a cone) We define ladders (or rays) in a direction λ by:
Nλ = {kλ+ ν, k = 0, 1, 2, . . .} ⊂ Λ. (13)
In the case of quantizations of torus and other Hamiltonian compact group actions, semiclassical limits
are essentially the same as limits along ladders (cf. [GS][CV1]).
In the Rn case, there is usually no optimal choice of the generators Pj , and their joint spectrum is
quite far from a lattice. We therefore define a homogeneous ladder of eigenvalues in the direction b =
(b(1), b(2), ..., b(n)) ∈ Rn to be a sequence satisfying
{λk := (λ(1)k , ..., λ(n)k ) ∈ Spec(P1, ..., Pn); ∀j = 1, .., n, limk→∞
λk
|λk| = b}, (14)
where |λk| :=
√
|λ(1)k | 2 + ...+ |λ(n)k | 2.
Finally, we introduce a notion of semiclassical ladders: We fix 0 < δ < 1, b = (b(1), b(2), ..., b(n)) ∈ Rn, and
define the set
Lb;δ(~) := {bj(~) := (b(1)j (~), b(2)j (~), ..., b(n)j (~)) ∈ Spec(P1, ..., Pn); |bj(~)− b| ≤ C~1−δ }. (15)
Here, b
(1)
j (~) = Ej(~). Taking a sequence ~→ 0, the joint eigenvalues in Lb;δ(~) form a sequence tending to
b which is the analogue of a homogeneous ladder.
UNIFORMLY BOUNDED EIGENFUNCTIONS 11
2. Localization on tori
One of the main inputs in the proof of the Theorem is the localization of a ladder of joint eigenfunctions
of a quantum completely integrable system in a regular direction b ∈ Breg on the level set P−1(b) of the
moment map. In this section, we prove the relevant localization results. We first consider toric systems,
where level sets are regular and connected and eigenfunctions necessarily localize on individual tori. In the
general Rn case, ladders of eigenfunctions localize on the possibly disconnected level set P−1(b), and it is a
complicated problem to determine how the limit eigenfunction mass (or ‘charge’) is distributed among the
components. To deal with this problem, we define a notion of the charge of a component, and prove that
every compact component of P−1(b) is charged by some sequence of eigenfunctions. This result will play an
important role in the proof of the Theorem.
2.1. Toric integrable systems. Let A ∈ Ψo(M) denote any zeroth order pseudodifferential operator and
dµλ denote Lebesgue measure on the Lagrangian torus Tλ. In the toric case we have the following localization
theorem:
Proposition 2.1. [Z1] For any ladder {kλ+ ν : k = 0, 1, 2, . . .} of joint eigenvalues, we have:
(Aφkλ, φkλ) =
∫
Tλ
σAdµλ +O(k
−1).
We thus have:
Corollary 2.2. For any invariant torus Tλ ⊂ S∗M , there exists a ladder {φkλ, k = 0, 1, 2, . . .} of eigen-
functions localizing on Tλ.
2.2. Rn-integrable systems. The proper generalization of the toric localization result Proposition (2.1) to
R
n actions says that ladders of joint eigenfunctions localize on level sets of the moment map rather than on
individual tori. This result is more or less a folk theorem in the physics literature (see [E, Be, Be2]), and the
rigorous result is in principle known to experts. However, we were unable to find the result in the literature,
so we sketch the proof here. It uses some material on quantum Birkhoff normal forms from [CV2].
Let b be a regular value of the moment map P , let
P−1(b) = Λ(1)(b) ∪ · · · ∪ Λ(mcl)(b),
where the Λ(l)(b); l = 1, ...,m are n-dimensional Lagrangian tori, and dµΛ(j)(b) denote the normalize Lesbegue
measure on the torus Λ(j)(b). Let bj(~) ∈ Lb,δ(~) and define
cl(~; bj(~)) := 〈Op~(χl)φbj(~), φbj(~)〉; l = 1, ...,mcl(b). (16)
We recall that χl is cutoff function which is equal to 1 in the neighbourhood Ω
(l)(b) of the torus Λ(l)(b) and
vanishes on ∪k 6=lΩ(k)(b).
Proposition 2.3. Let b ∈ Breg, and let {φbj(~)} be a sequence of L2-normalizeed joint eigenfunctions of
P1, ..., Pn with joint eigenvalues in the ladder Lb,δ(~) of (15). Then, for any a ∈ S0,−∞, we have that as
~→ 0:
〈Op~(a)φbj(~), φbj(~)〉 =
m∑
l=1
cl(~; bj(~))
∫
Λ(j)(b)
a dµΛ(j)(b) +O(~1−δ).
Here, dµΛ(j)(b) denotes Lebesgue measure on Λ
(j)(b).
Proof: Let L(l) be the pullback of the Maslov line bundle over Λ(l) to the affine torus given by I(l)1 = · · · =
I
(l)
n = 0 and Ω(l) be a sufficiently small neighbourhoodof Λ(l) on which there exist action-angle variables
(θ(l), I(l)). According to the quantum Birkhoff normal form (QBNF) construction [CV2], for l = 1, ..., k and
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j = 1, ..., n, there exist ~-Fourier integral operators, U
(l)
b,~ : C
∞(M)→ C∞(Tn;L(l)), microlocally elliptic on
Ω(l), together with C∞ symbols, f
(l)
j (x; ~) ∼
∑∞
k=0 f
(l)
jk (x)~
k, with fj0(0) = 0 such that:
U
(l)∗
b,~ f
(l)
j (P1 − b(1), ..., Pn − b(n); ~)U (l)b,~ =Ω(l)0
~
i
∂
∂θj
. (17)
Moreover, when P1, ..., Pn are self-adjoint, the operator U
(l)
b can be taken to be microlocally unitary.
We now observe that the space of admissible [CP] solutions of the microlocal eigenfunction equation
Pkφbj(~) =Ω(l)(b) b
(k)
j (~)φbj(~) (18)
is one-dimensional. Indeed, such solutions are the same as solutions of
f
(l)
k (P1 − b(1), ..., Pn − b(n); ~)φj =Ω(l)(b) f (l)k (b(1)j − b(1), ..., b(n)j − b(n); ~)φj .
We conjugate this equation to Birkhoff normal form (17) and use the fact that the microlocal solutions of
the model equation
~
i
∂
∂θ
uj = mj uj
are just multiples of exp[i(n+πγ/4)θ], where γ is the Maslov index and n ∈ Z. Thus, the joint eigenfunctions
φbj(~) are given microlocally by
φbj(~) =Ω(l)(b)
√
cl(~; bj(~)) U
(l)
b;~(e
i(nj+πγ/4)θ). (19)
The right sides of (19) are the usual quasimodes or semiclassical Lagrangian distributions [CV2]
Now let χl(x, ξ) ∈ C∞0 (T ∗M); l = 1, ....,mcl(b) be a cutoff function which is identically equal to one on
the neighbourhood Ω(l)(b) and vanishes on Ω(k)(b) for k 6= l. For ~ sufficiently small, we then have
〈Op~(a)φbj(~), φbj(~)〉 =
mcl(b)∑
l=1
〈Op~(a) ◦Op~(χl)φbj(~), φbj(~)〉+O(~∞).
It follows by (19), the semiclassical Egorov theorem and a Taylor expansion about the Lagrangian torus
I(l) = 0 that:
〈Op~(a) ◦Op~(χl)φbj(~), φbj(~)〉 = cl(~; bj(~))〈Op~(a) ◦Op~(χl)U (l)b;~(ei(nj+πγ/4)θ), U (l)b;~(ei(nj+πγ/4)θ)〉
= cl(~; bj(~))〈U (l)∗b;~ Op~(a) ◦Op~(χl)U (l)b;~ei(nj+πγ/4)θ, ei(nj+πγ/4)θ〉
= (2π)−n cl(~; bj(~))
(∫
Λ(l)
a dµl + e(~)
)
+O(~),
(20)
where e(~) = 〈Op~(r)u~, u~〉 for some function r ∈ C∞0 (Tn ×D1) satisfying r(θ, I) = O(|I|) (recall, we have
normalized the action variables so that I(l) = 0 on the torus Λ(l)(b)). Here, u~(θ) = exp[i(m1θ1+ ...+mnθn)]
with mj(~) = O(~1−δ).
An integration by parts in the I1, ..., In variables shows that:
(Op~(r)u~, u~) = O(~1−δ),
and the proposition follows.
2.3. Charge of compact Lagrangean orbits. We now investigate the coefficients cj(~) in Proposition
(2.3) for ‘ladders’ of eigenfunctions. Our purpose is to show that there exist ladders for which the limit as
~→ 0 of cj(~) is bounded below by a positive geometric constant. It is convenient at this point to introduce
the language of quantum limits.
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2.3.1. Quantum limits. Let (P1, . . . , Pn) denote a quantum integrable system, with classical integrable flow
Φt. Fix E and let M
E
I denote the set of invariant probability measures for Φ
E
t on XE. For instance, M
E
I
includes the orbital averaging measures µz , defined by∫
XE
fdµz = lim
T→∞
1
T n
∫
max |tj |≤T
f(Φt(z))dt.
In the case of compact (torus) orbits, µz is the Lebesgue probability measure on the orbit of z.
By the set QE of ‘quantum limit’ measures of the quantum integrable system at energy level E, we mean
the set of weak* limits (as ~→ 0) of the measures dΦbj(~) defined by
〈Op~(a)φbj(~), φbj(~)〉 =
∫
XE
a dΦbj(~), (b
(1)
j → E). (21)
We write dΦbj(~) → dµ ∈ QE for weak* convergence to the limit as ~→ 0. It is an easy consequence of the
semiclassical Egorov theorem that QE ⊂ MEI . When dµ equals Lebesgue probability measure on an orbit,
we say that the sequence {φbj(~)} localizes on the orbit. For background, terminology and references in a
closely related context, we refer to [JZ].
We now consider quantum limits of eigenfunctions corresponding to a ladder of joint eigenvalues. Put:
Vb,δ(~) = {φbj(~) : bj(~) ∈ Lb;δ(~)} (22)
There are many possible weak* limit points of the set ∪~∈[0,~0]Vb,δ(~). We say:
Definition 2.4. For b ∈ Breg, a ladder of eigenfunctions is a sequence Eb := {φbj (~)} of joint eigenfunctions
with the following properties:
• bj(~) ∈ Lb,δ(~) as ~→ 0 forms an eigenvalue ladder;
• dΦbj (~) has a unique weak limit dΦEb as ~→ 0.
For a ladder of eigenfunctions, lim~→0 cℓ(~; bj(~)) exists for each ℓ in Proposition (2.3).
Definition 2.5. Given b ∈ Breg, we say that the ladder Eb = {φbj(~)} gives charge cl(Eb) := lim~→0 cℓ(~; bj(~))
to the component torus Λ(l)(b), and that it charges Λ(l)(b) if cl(Eb) > 0.
The limit in Definition (2.5) above clearly depends on the ladder Eb. For instance, there could be se-
quences of joint eigenfunctions localizing on each single component of P−1(b). To obtain an invariant of the
Lagrangean orbits which is independent of the ladder, we say:
Definition 2.6. The charge c(Λ(l)(b)) of a component torus Λ(l)(b) ⊂ P−1(b) is defined by by the formula:
c(Λ(l)(b)) = supEb cl(Eb)
where cl is the coefficient in the sum of Proposition (2.3).
A useful formula for the charge is:
Proposition 2.7. c(Λ(l)(b)) = lim sup
~→0maxφbj (~)∈Vδ(~)〈Op~(χl)φbj(~), φbj(~)〉.
Proof:
(i) ≥: By definition, cl(~; bj(~)) = 〈Op~(χl)φbj(~), φbj(~)〉 where χl is a cutoff to Ωl. Since Vb,δ(~) is a finite set
for each ~, there exists φmaxbj(~) ∈ Vb,δ(~) such that 〈Op~(χl)φmaxbj(~), φmaxbj(~)〉 = maxφbj(~)∈Vδ(~)〈Op~(χl)φbj(~), φbj(~)〉.
We form the sequence {φmaxbj(~)}~∈{~k} and then choose a sub-ladder Emaxb with a unique quantum limit. Then
c(Λ(l)(b)) ≥ lim~→0〈Op~(χl)φmaxbj(~), φmaxbj(~)〉
≥ lim sup
~→0maxφbj(~)∈Vδ(~)〈Op~(χl)φbj(~), φbj(~)〉.
(ii) ≤: It is clear that for each ladder Eb we have
cl(Eb) ≤ lim sup
~→0
max
φbj(~)∈Vδ(~)
〈Op~(χl)φbj(~), φbj(~)〉.
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Therefore the same holds after taking the supremum over Eb.
The following lemma is the main result of this section:
Lemma 2.8. Let ω(l)(b) denote Liouville measure of the Lagrangian torus Λ(l)(b); l = 1, ...,mcl(b). Then,
for all (b, l) ∈ Breg × {1, ...,mcl(b)} we have that
c(Λ(l)(b)) ≥ ω
(l)(b)∑mcl(b)
j=1 ω
(j)(b)
.
Proof: Fix ζ ∈ S(Rn) with ζ ≥ 0, ζˇ ∈ C∞0 (Rn) and ζˇ(0) = 1. Assume moreover that 0 ∈ Rn is the
only point of intersection of supp ζ with the joint periods of the joint flow Φt. Let K be a fixed compact
neighbourhood of b = (b(1), ..., b(n)) and a ∈ S0,−∞. Consider the localized semiclassical trace:
Tra(ζ) :=
∑
bj(~)∈K
〈Op~(a)φbj(~), φbj(~)〉 ζ
(
bj(~)− b
~
)
. (23)
The localized semiclassical trace formula for commuting operators [Ch] implies that for any a ∈ S0,−∞ and
ζ ∈ S(Rn) as above,
Tra(ζ) = (2π)
−n
∫
P−1(b)
a dω(l)(b) +O(~). (24)
So, in particular putting a(x, ξ) = χl(x, ξ), we have that:
Trχl(ζ) = (2π)
−n
∫
Λ(l)(b)
χl dω
(l)(b) +O(~) = (2π)−n ω(l)(b) +O(~), (25)
since χl = 1 on the torus, Λ
(l)(b). On the other hand, since ζ ∈ S(Rn), it follows that
Trχl(ζ) =
∑
{bj(~)∈Lb,δ(~)}
〈Op~(χl)φbj(~), φbj(~)〉 ζ
(
bj(~)− b
~
)
+ O(~∞). (26)
Thus, by the definition (2.6) of the charge c(Λ(l)(b) and the fact that ζ ≥ 0, we have that:
|Trχl(ζ)| ≤ (2π)−n
(
max
{bj(~)∈Lb,δ(~)}
〈Op~(χl)φbj(~), φbj(~)〉
) ∑
{bj(~)∈Lb,δ(~)}
ζ
(
bj(~)− b
~
)
+ O(~∞).
(27)
Next, by applying the trace formula once again we get that:
∑
{bj(~)∈Lb,δ(~)}
ζ
(
bj(~)− b
~
)
= (2π)−n
mcl(b)∑
j=1
ω(j)(b) +O(~). (28)
Substituting (28) in (27) yields the estimate
|Trχl(ζ)| ≤ (2π)−n max
{bj(~)∈Lb,δ(~)}
〈Op~(χl)φbj(~), φbj(~)〉 ·

mcl(b)∑
j=1
ω(j)(b)

 +O(~). (29)
The lemma then follows by combining (29) and (25) and letting ~→ 0.
This yields a generalization of Corollary (2.2):
Corollary 2.9. For any b ∈ Breg, and for any 1 ≤ ℓ ≤ mcl(b), there exists a ladder E(ℓ)b = {φbj(~)} such
that cℓ(E(ℓ)b ) ≥ ω
(ℓ)(b)∑
mcl(b)
j=1
ω(j)(b)
;
Thus, every regular torus orbit is charged by some ladder. This follows from Lemma ( 2.8), Proposition
( 2.7) and Proposition ( 2.3).
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2.3.2. Charge of compact singular orbits. Our next step is to prove that some compact singular orbits are
also charged. To be precise, we have so far only defined the notion of charge for regular levels of the moment
map (Definition (2.5). The analogous defintion in the case of a singular value bs ∈ Bs is as follows. Let
P−1(bs) = ∪rj=1Γ(j)sing(bs) be the decomposition (10) into connected components.
Definition 2.10. When bs ∈ Bsing , we define an eigenfunction ladder Ebs to be a sequence of joint eigen-
functions with joint eigenvalues satisfying bj(~)− bs = o(1) as ~→ 0 and with unique limit measure dΦEbs .
We say that Ebs gives charge
∫
Γ
(j)
sing
(bs)
dΦEbs to the component Γ
(j)
sing . Similarly, we say that it gives charge∫
Λ
(j)
sing
(bs)
dΦEbs to any orbit Λ
(j)
sing(bs) on Γ
(j)
sing(bs) (see (11)). Finally, the charge c(Γ
(j)(bs)), resp. c(Λ
(j)(bs))
of a component, resp. an orbit on the component, is the supremum of the same over all ladders Ebs
We then have:
Lemma 2.11. Let bs ∈ Bsing , and let {Γ(j)sing(b)} denote the singular components of P−1(bs). Then, there
exists j such that c(Γ
(j)
sing(b)) > 0. Further, there exists a compact singular orbit Λ
(j)(bs) ⊂ Γ(j)sing(b) such
that c(Λ(j)(bs)) > 0.
Proof: Let Using be a Φt-invariant neighbourhood of ∪rj=1Γ(j)sing(b). Let {bn} ⊂ Breg be a sequence of regular
points such that bn → bs. For each j and sufficiently large n, there exists at least one component Λ(ℓ)(bn) of
P−1(bn) such that Λ(ℓ)(bn) ⊂ Using. By Lemma (2.8), Λ(ℓ)(bn) is charged by an amount ≥ ω
(ℓ)(bn)∑
mcl(bn)
j=1
ω(j)(bn)
.
We now break up the discussion into two cases:
Case 1: All Rn-orbits of ∪rj=1Γ(j)sing(b) are compact
In this case, we just need a positive lower bound for the quotient ω
(ℓ)(bn)∑
mcl(bn)
j=1
ω(j)(bn)
as n → ∞. A lower
bound for the numerator is given by the minimal period of Yorke’s theorem (Proposition 1.4). Since all
orbits (including the limit) are compact, the masses in the denominator have uniform upper bounds. Indeed,
by (8) the masses are the co-volumes of the period lattices of Λ(ℓ)(b). Since the period vectors generating
the lattices are uniformly bounded as n → ∞, the volumes are also uniformly bounded above. Hence the
denominator is bounded above, and therefore the quotient is bounded below by a positive constant.
Case 2: There exists a non-compact orbit in ∪rj=1Γ(j)sing(b)
In this case, the denominator will tend to infinity, so we need a better lower bound on the numerator. We
claim that there exists ℓ such that Λ(ℓ)(bn) ⊂ Using and c(Λ(ℓ)(bn)) ≥ 1mcl(bn) . To prove this, it suffices to
find ℓ such that
ω(ℓ)(bn)∑
j:Λ(j)(bn)⊂Using
ω(j)(bn)
≥ 1
#{j : Λ(j)(bn) ⊂ Using} . (30)
The natural candidate is to choose ℓ such that
ω(ℓ)(bn) = max
{j:Λ(j)(bn)⊂Using}
ω(j)(bn). (31)
We now prove that this choice of ℓ satisfies (30).
We write
mcl(bn)∑
j=1
ω(j)(bn) =
∑
j:Λ(j)(bn)⊂Using
ω(j)(bn) +
∑
j:Λ(j)(bn)∩Using=∅
ω(j)(bn).
The second term is bounded above by a constant C independent of n. The first term tends to infinity since
∪rj=1Γ(j)sing(b) contains a non-compact orbit. Indeed, at least one vector of the period lattice of Λ(j)(bn) must
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tend to infinity as n→∞ since the limit orbit is non-compact. It follows that the set of period lattices I(j)b
is non-compact in the manifold of lattices of full rank of Rn. Now according to Mahler’s theorem, any set
{Γ ⊂ Rn|||γ|| ≥ C, (γ ∈ Γ− {0}), and V ol(Rn/Γ) ≤ K}
is compact. By Yorke’s theorem (loc. cit.), the minimal period stays bounded below, so non-compactness of
the lattices forces some volume ω(ℓ)(bn)→∞ as n→∞.
It follows that when a non-compact orbit exists in P−1(bs), then for each ℓ,
ω(ℓ)(bn)∑mcl(bn)
j=1 ω
(j)(bn)
=
ω(ℓ)(bn)∑
j:Λ(j)(bn)⊂Using
ω(j)(bn)
+ o(1) as n→∞.
Then (30) follows if we select ℓ as in (31).
We now complete the proof of Lemma (2.11). By the finite complexity condition, we have found
Λ(jn)(bn) ⊂ Using such that c(Λ(jn)(bn)) ≥ c := 1M > 0. Further, for each n, there exists a ladder Ebn
which gives charge ≥ c to Λ(jn)(bn) ⊂ P−1 ∩ Using. Let dΦEbn denote the unique weak limit measure of
the ladder. Then let ν denote any weak* limit of the sequence {dΦEbn }. It follows that ν is an invariant
probability measure supported on ∪rj=1Γ(j)bs . Indeed, its support must be contained in the set of limit points
of the sequence of orbits {Λ(jn)(bn)}, hence in P−1(bs) ∩ Using. Since Q is closed in the weak* topology
(since it is a set of limit points), it follows further that ν ∈ Q. Hence there exists a ladder Ebs such that
ΦEbs → ν, and which charges ∪rj=1Γ
(j)
bs
by an amount c > 0. This proves the first part of the lemma. The
second statement is an immediate consequence of Proposition(1.3): There must exist at least one compact
singular orbit Λ
(j)
bs
⊂ ∪rj=1Γ(j)bs . Since ν is an invariant probabililty measure, it must be supported on union
of the compact singular orbits, hence must charge at least one such orbit.
3. Proof of the Theorem
We break up the proofs into three steps. Step 1 is to show that the uniform boundedness assumption
implies that all regular tori project without singularities to the base. Step 2 is to show that there are no
singular tori. Step 3 is a geometric argument showing that any completely integrable system with no singular
tori and with all tori projecting regularly to the base is flat.
3.1. Step 1: regular tori project regularly. We first consider the simplest case of toric systems:
3.1.1. Toric integrable systems.
Proposition 3.1. Suppose that (M, g) is toric integrable and that L∞(E, g) = O(1). Then every orbit of
the torus action has a non-singular projection to M . In particular, the orbit foliation is a non-singular
Lagrangean foliation.
Proof: The assumption implies that the joint eigenfunctions {φλ} of the quantum torus action have uni-
formly bounded sup-norms.
By Proposition (2.1), for every invariant torus Tλ, there exists a ladder {kλ, k = 1, 2, . . .} of joint eigen-
values such that for all V ∈ C∞(M) we have
lim
k→∞
∫
M
V (x)|φkλ(x)|2dvol =
∫
M
V πλ∗dµλ.
If we have ||φkλ||∞ ≤ C for all (k, λ), then
|
∫
M
V (x)|φkλ(x)|2dvol| ≤ C||V ||L1 (∀k)
and hence
lim
k→∞
|
∫
M
V (x)|φkλ(x)|2dvol| ≤ C||V ||L1 .
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Therefore
|
∫
M
V πλ∗dµλ| ≤ C||V ||L1 (32)
which implies that πλ∗dµλ is a continuous linear functional on L
1(M), hence belongs to L∞(M). That is,
we may write πλ∗dµλ = fλdvol, with ||fλ||∞ ≤ C. If πλ had a singular value, it is easy to check that πλ∗dµλ
would blow up there . Hence, πλ is a non-singular projection.
Now we turn to the general case:
3.1.2. Rn actions.
Proposition 3.2. All regular tori project diffeomorphically to the base.
Proof: Since by Lemma (2.8) a regular torus Λ(l)(b) has charge c(Λ(l)(b)) ≥ ω(l)(b)∑mcl(b)
j=1
ω(j)(b)
> 0, it follows
by Corollary (2.9) that there exists a ladder of joint eigenfunctions {φbj(~)} ⊂ Eb with the property that:
〈V φbj(~), φbj(~)〉 =
mcl(b)∑
l=1
cl(Eb)
∫
Λ(j)(b)
V dµΛ(j)(b) + o(1),
where cl(Eb) ≥ ω
(l)(b)∑
mcl(b)
j=1
ω(j)(b)
> 0 and ck(Eb) ≥ 0 for k 6= l. Thus, we have (as in the toric case) that
cl(Eb)
∫
M
V π∗dµΛ(j)(b) ≤ C ||V ||L1 ,
where we can take C = cl(Eb) · L∞(~, bj(~); g, V ). Since cl(Eb) > 0 we can cancel it to find that the torus
projects regularly.
As an immediate of Proposition (3.2) we have:
Corollary 3.3. Let {π∗dµΛ} denote the set of projections to M of normalized Lebesgue measures on com-
pact Lagrangean tori Λ ⊂ XE . Then, under the assumptions of Theorem (0.1), the family is uniformly
bounded as linear functionals on L1(M).
3.2. Non-existence of singular levels. We have:
Lemma 3.4. Under the assumptions of Theorem (0.1), P has no singular levels; all orbits are Lagrangean.
Proof:
Existence of a compact singular orbit contradicts the the uniform boundedness of eigenfunctions assump-
tion. Indeed, it follows from Lemma (2.11) that, for any V ∈ C∞(M), there exist a compact, singular orbit
Λ
(l)
sing and L
2-normalized joint eigenfunctions {φbj(~)} such that for some c(Λ(l)sing) > 0,
c(Λ
(l)
sing)
∫
Λ
(j)
sing
V π∗dνl ≤ C‖V ‖L1(M). (33)
However, the estimate in (33) cannot hold since by definition, compact singular orbits have dimension
dimΛ
(l)
sing < n. Therefore, there cannot exist singular levels of the moment map P .
3.3. Completion of proof of Theorem. We first complete the proof of Theorem (0.1) for general metrics
with quantum completely integrable Laplacians. Subsequently we take up the case of Schroedinger operators.
The first step is to consider projections of regular Lagrangean tori. By Proposition(3.2), the assumption
of uniformly bounded eigenfunctions then applies to show that all Lagrangean torus orbits must project
regularly to M . Furthermore, by Lemma (3.4) we know that the under the finite geometric multiplicity
condition (3) and uniform boundedness condition on the eigenfunctions, there do not exist any singular
leaves of the moment map. Consequently, the proof of Theorem (0.1) in the case of Laplacians is a direct
consequence of the following:
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Lemma 3.5. Suppose that the geodesic flow Gt of (M, g) commutes with a Hamiltonian Rn action. Suppose
that there are no singular levels of the moment map, and suppose that each regular Lagrangean orbit Rn ·(x, ξ)
has a non-singular projection to M . Then (M, g) is a flat manifold.
Proof: We will give two proofs of the lemma.
First Proof:
The first proof uses Mane’s theorem (1.5): Since the foliation by orbits has no singular leaves, Mane’s
theorem implies that (M, g) has no conjugate points. Since each leaf is compact, it must be a torus which
coversM . Thus, there exists a cover p : T n →M . Lift the metric to p∗g on T n. The lifted metric must have
no conjugate points since the universal covering metric is the same. By the Burago-Ivanov theorem (1.6),
the metric is flat.
In the second proof, we do not use Mane’s theorem, and directly relate the condition on torus projections
to non-existence of conjugate points.
Second Proof:
As above, let π : T ∗M − 0→M denote the natural projection and let πI = π|TI . Since each πI : TI →M
is non-singular, and dimTI = dimM , πI must be a covering map.
3.3.1. Case 1: M is a torus. Let us first assume that M is a torus, i.e. diffeomorphic to Rn/Zn; we make
no assumptions on the metric.
From the fact that pI is a covering map, it follows by a result of Lalonde-Sikorav ([LS]) that the degree
of πI : TI →M equals 1 for all I. Since πI is a diffeomorphism, there are well-defined inverse maps
π−1I :M → TI
with K(I) = 1. They define sections of π : S∗M → M and hence are given by graphs of 1-forms αI : M →
S∗M. Thus, |αI(x)| ≡ 1 where | · | is the co-metric. We have π−1∗I α = α∗Iα = αI where α is the canonical
1-form. Since the tori TI are Lagrangean, and since dα = ω, the 1-forms are closed, i.e. dαI = 0.
Now let p : M˜ →M denote the universal cover ofM and let Zn denote the deck transformation group, with
generators α1, . . . , αn. The metric g lifts to a Z
n-periodic metric g˜ on M˜ . We note that the corresponding
geodesic flow G˜t is also completely integrable. Indeed, the cover p induces the universal cover p1 : T
∗M˜ →
T ∗M whose deck transformation group we continue to denote by Zn. Then G˜t commutes with the T n-
action on T ∗M − 0 generated by the lifted action integrals I˜j = p∗1Ij . The invariant tori TI therefore lift to
G˜t-invariant level sets T˜I of (I˜1, . . . , I˜n).
Furthermore, the 1-forms αI lift to Z
n-invariant closed 1-forms α˜I on M˜. They are exact M˜ and hence
have the form dBI for some ‘potential’ BI ∈ C∞(M˜). The gradient ∇BI is then a Zn-invariant vector
field on M˜ . Since |dBI | ≡ 1 we have |∇BI | ≡ 1. We now claim that the integral curves of ∇BI are lifts of
geodesics on TI .
To see this, we recall that the generator ΞH of the geodesic flow lies tangent to each torus TI . Hence for
each I it projects from TI to a non-singular vector field πI∗ΞH = ΞI on M . We have
〈∇BI ,ΞI〉 = dBI(ΞI) = αI(ΞI) = 〈α|TI ,ΞH |TI 〉 = 1
since ΞH is a contact vector field for (S
∗M,α). Since |∇BI | = 1 it follows that ∇BI = ΞI . This relation
holds for the lifts to M˜ and hence the integral curves of ∇BI are the lifts of the geodesics on TI .
We now claim that g has no conjugate points, i.e. that each geodesic of g˜ on M˜ is length minimizing
between each two points on it. This follows by a well-known argument: Let x˜ be any point of M˜ , let
v˜ ∈ Sx˜M˜. and let γv˜ be the geodesic of g˜ in the direction v˜. To see that γv˜ is length minimizing between x˜
and any other point γv˜(to), we project it to S
∗M . The image lies in one of the (possibly singular) invariant
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tori TI and by the above, γv˜ is an integral curve of ∇BI . If it is not length minimizing to γv˜(to), then there
exists so < to and a second geodesic α with α(0) = x˜, α(so) = γv˜(to). This leads to a contradiction since
BI(α(so)) =
∫ so
0
〈∇BI , α′(s)〉ds =
∫ to
0
〈∇BI , γ′v˜(s)〉ds = to > so
but
to = |
∫ so
0
〈∇BI , α′(s)〉ds| ≤ so
as |∇BI | = 1. Therefore, (T n, g) is a torus without conjugate points. Theorem A then follows in this case
from the recent proof by Burago-Ivanov [BI] of the Hopf conjecture that a metric on T n with no conjugate
points is flat.
3.3.2. The general case. We now consider the general case where M is only covered by a torus T n (namely
TI for each I). We denote by p : T
n →M a fixed d-fold covering map. For notational clarity we denote the
metric on M by gM . By Lemma (3.1), there is a Hamiltonian torus action on T
∗M − 0 with the property
that every orbit projects non-singularly to M .
Let gT = p
∗gM be the metric induced on T
n by the cover. We claim that gT is a flat metric. Since
p : (T n, gT )→ (M, g) is a Riemannian cover, this will imply that gM is a flat metric and conclude the proof
of (a).
To prove gT is flat, we lift the torus foliation of T
∗M − 0 to T ∗T n − 0. Given a metric g on a manifold
X we denote by g˜ : TX → T ∗X the induced bundle map g˜(X) = g(X, ·). We also consider the bundle map:
dp : TT n → TM . Since dpx is a fiber-isomorphism for each x ∈ T n, p is a d-fold covering map. It follows
that
F : T ∗(T n)→ T ∗M, F := ˜gMdρg˜−1T
is also a d-fold covering map. Let T denote the foliation of T ∗M − 0 by orbits of the torus action. We
define F−1T to be the foliation of T ∗T n − 0 whose leaves are given by T˜I := F−1TI where {TI} are the
leaves of T . (The associated involutive distribution of the n-planes T˜x,ν ⊂ Tx,νT ∗T n − 0 is defined by
dF (T˜x,ν) = TF (x,ν)TI(F (x,ν).) This foliation could also defined as orbits of the commuting Hamiltonians
F ∗Ij on T
∗T n − 0. Each of the leaves is compact, hence a torus. We note that F : T˜I → TI is always a
smooth covering map.
We then have the commutative diagrams:
T˜I
F→ TI
π ↓ ↓ π
T n
p→ M
(34)
We claim that the map π : T˜I → T n is non-singular. If not, the map π ◦ F : T˜I →M would be singular.
But as observed above, it is a covering map. It further follows by the result of [LS] that π : T˜I → T n has
degree one, hence is a diffeomorphism.
We have now reduced to the previous case of the torus: the metric gT must be a flat metric, hence gM
must be flat. This completes the second proof of Theorem (0.1) in the case of torus actions.
3.4. Proof of Theorem (0.1) for Schroedinger operators. We now consider the case of semiclassical
Schroedinger operators ~2∆+ V. Our proof in the homogeneous case (i.e. V = 0) was based on the use of
semiclassical pseudodifferential operators, so it generalizes with little change.
Proof:
We fix an energy level E and consider eigenvalues of ~2∆+ V lying in [E − C~1−δ, E + C~1−δ] for some
fixed C > 0. The eigenfunctions we consider are the joint eigenfunctions of P1, . . . , Pn with joint eigenvalues
(Ej(~) = b
(1)
j (~), . . . , b
(n)
j (~)) respectively, satisfying b
(1)
j (~) ∈ [E−C~1−δ, E+C~1−δ] for some 0 < δ < 1.We
recall that b = (b(1) = E , b(2), ..., b(n)) and E corresponds to the energy shell XE of the classical Hamiltonian
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1/2|ξ|2g + V corresponding to the quantum Hamiltonian P1 = ~2∆+ V . By assumption, the eigenfunctions
corresponding to these joint eigenvalues are uniformly bounded independently of ~ ≤ ~0.
By Proposition (3.2), it follows that all Lagrangean torus orbits of ΦEt on XE project regularly to the
base. Indeed, the proof that the torus Λ(j)(b) projects regularly only involves trace formula and quantum
limits over joint eigenvalues in the set {(Ej(~) = b(1)j (~) , b(2)j (~) , ..., b(n)j (~) ) : |bj(~)− b| ≤ ~1−δ}. . Hence
our assumption on uniform boundedness of the eigenfunctions of P1 = ~
2∆ + V with eigenvalues in the
interval [E− c~1−δ, E+ c~1−δ] is sufficient to obtain the result of Proposition (3.2) for the tori on the energy
shell XE.
Hence, by a simple covering space argument, we can without loss of generality assume that the base
manifold is a torus. By Lemma (3.4), there are no singular levels of the moment map P|XE . Hence XE has
a smooth Lagrangrean foliation invariant under ΦEt . By Proposition (1.7), we must have that E > Vmax and
the Jacobi metric (E − V )g is flat.
If we additionally assume that the sup norms are bounded indepedently of ~ and E in some interval
[E0− ǫ, E0+ ǫ], then the Jacobi metrics (E−V )g are flat for all E in this interval, and it follows by Corollary
(1.8) that g is flat and V is constant.
4. Problems and Conjectures
We conclude with some problems conjectures on integrable systems and their eigenfunctions.
4.1. Symplectic geometry of toric integrable systems. Some of the ideas of this paper are relevant to
purely geometric problems.
Conjecture 4.1. Suppose that g is a metric on Rn/Zn which is toric integrable. Then g is flat.
This would follow from the solution of the Hopf conjecture and from
Conjecture 4.2. Up to symplectic equivalence, the only homogeneous Hamiltonian torus action on T ∗(Rn/Zn)
is the standard one (Φt(x, ξ) = (x + tξ, ξ).)
Indeed, the geodesic flow of (Rn/Zn, g) would preserve the Lagrangean foliation defined by orbits of Φt
and hence by Mane’s theorem g would have no conjugate points.
Since the time of the original submission of this article, these conjectures have been proved by E. Lerman
and N. Shirokova [LS].
4.2. Eigenfunctions. We assume throughout that the Laplacian or Schroedinger operator was quantum
completely integrable. It is natural to ask if the hypothesis can be weakened to classical integrability.
Conjecture 4.3. Suppose that (M, g) is a compact Riemannian manifold with completely integrable geo-
desic flow. Suppose that ∆g + V is a Schroedinger operator on (M, g) all of whose ONBE’s have uniformly
bounded sup norms. Then (M, g) is flat.
Without the assumption of quantum complete integrability, it is not even known whether eigenfunctions
localize on level sets of the classical moment map.
There are also interesting problems in the converse direction. We will explain the difficulty
of the next conjecture when we come to multiplicities.
Conjecture 4.4. Suppose that ∆g + V is a Schroedinger operator on a flat manifold (M, g). Then for
generic V , are the eigenfunctions uniformly bounded?
We further note that all the questions about sup norms are equally reasonable in the
non-compact case.
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4.3. KAM and classically non-integrable systems. We now consider the extent to which even classical
complete integrability can be dropped. It is plausible that sup norm blow-up occurs whenever there exists a
stable elliptic orbit of the geodesic flow. In that case one can construct quasimodes associated to the orbit
which do blow up. The relation between modes and quasimodes can be quite complicated in general, but it
is plausible that there should exist a sequence of modes which also blows up. KAM systems always contain
such stable elliptic orbits. We plan to consider these issues in a future article.
4.4. Multiplicities and sup norms. There are (well-known) relations between eigenvalue
multiplicities and sup-norm blow up of eigenfunction. If there exists a sequence of eigenvalues of un-
bounded multiplicity, then there exists an ONBE with unbounded sup norms. Indeed, for each x, consider
the eigenfunction ΠE(x, ·) where ΠE is the orthogonal projection onto the eigenspace VE . Then ΠE(x, )˙
has L2-norm equal to
√
ΠE(x, x). So the normalized eigenfunction is φ
x
E(·) := ΠN (x, ·)/
√
ΠN (x, x). It is
well-known and easy to see (by the Schwartz inequality) that φxE(·) has its maximum at x, where it equals√
ΠN (x, x). Since
∫
M
ΠN (x, x)dvol(x) = m(E) (with dvol(x) the volume form), there must exist x so that
ΠN (x, x) ≥ m(E). Hence ||φxE(·)||∞ ≥
√
m(E).When (M, g) is a rational torus, L∞(λ,M, g) therefore grows
at a polynomial rate while ℓ∞(λ,M, g) stays bounded.
For instance, on a flat torus Rn/L, an ONBE of the standard Laplacian ∆0 is given by the exponentials
ei〈λ,x〉, with λ ∈ Λ := L∗, the dual lattice to L. The associated eigenvalue is E = |λ|2 and its multiplicity
m(E) is the number of lattice points of Λ on the sphere of radius
√
E. Counting this number is a well-known
problem in number theory when the lattice is rational. When L = Zn, for instance, the multiplicity function
m(E|) has logarithmic growth for n = 2, and polynomial growth in higher dimensions.
Under a perturbation by a potential ǫV , there exists a smoothly varying orthonormal basis of eigenfunc-
tions (sometimes called the Kato-Rellich basis). It is possible that for some potential V on Rn/Zn , the
Kato-Rellich basis for the perturbation ∆0 + ǫV may be a smooth deformation of the eigenfunctions just
described with high sup norms. If so, it is then possible that even if the multiplicity is broken and all eigen-
values become simple, the eigenfunctions can still have unbounded sup norms. Conjecture (4.4) states that
such potentials should be sparse. It would be of some interest to understand if there exist any potentials for
which sup norm blow-up occurs.
The most extreme case of multiplicity is of course that on the standard sphere (S2, g0). At this time of
writing, it remains an open problem whether ℓ∞(λ, g) = O(1) on the standard sphere. The best result to
date is the upper bound of VanderKam [V], that for a ‘random’ ONB of eigenfunctions {φλ} the sup-norms
satisfy ||φλ||∞/||φλ||L2 = O(
√
logλ), i.e. ℓ∞(λ, S2, g0) = O(
√
logλ). Our methods do not apply to this
problem.
4.5. Quantitative problems. Can one weaken the hypothesis of uniform boundedness of eigenfunctions
in L∞ in the rigidity results? It is plausible that our rigidity results holds as long as L∞(λ,M, g) lies below
some threshold. One may ask the same question for the analogous Lp quantities Lp(λ,M, g). In [TZ] (see
also [T1][T2]), we analyse sup norm blow-up of eigenfunctions near singular levels (among other things). We
also study some cases of sup norm blow up near singular projections of regular levels. To obtain a threshfold
of some generality one needs to estimate the minimal blow up corresponding to the possible types of singular
behaviour.
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